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a b s t r a c t
Permutation statistics and their connections to Young tableaux
have played an important role in enumerative combinatorics.
Fibonacci tableaux were defined in 1975 by Stanley, but very few
statistics have been defined for these tableaux. In this paper we
give definitions for several statistics on Fibonacci tableaux and
make connections between these statistics and known statistics for
permutations. These connections allow for equidistribution results
to be given on the set of standard Fibonacci tableaux.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
One can define many statistics on permutations and two of the most well known are the
inversion statistic and the major index. MacMahon’s famous theorem states that the major index is
equidistributed with the inversion statistic on permutations in Sn [4]. I.e.,∑
pi∈Sn
qmaj(pi) =
∑
pi∈Sn
qinv(pi).
Foata [2] gave a combinatorial proof of this result in 1968 in his now famous Foata bijection
and Foata and Schützenberger [3] proved several interesting properties of this bijection. Björner and
Wachs [1] were able to prove additional properties of the bijection in 1991.
In 1975, Richard Stanley’s definition of the Fibonacci lattice [5] gave rise to a new kind of tableaux
called Fibonacci tableaux. In this paper, we extend the definition of several well known permutation
statistics to standard Fibonacci tableaux and in Section 3wemake the connection between the results
of Foata, Schützenberger, Björner and Wachs and the standard Fibonacci tableaux.
2. Background and definitions
2.1. Permutation statistics
Muchwork has been done to study permutation statistics on permutations in the symmetric group
Sn. For a permutation σ = σ1σ2 · · · σn ∈ Sn, define an inversion to be a pair (i, j) such that i < j and
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σi > σj. Then the inversion statistic, inv(σ ), is the total number of inversions in σ , i.e.
inv(σ ) =
∑
i<j
σi>σj
1.
For example, for σ = 3 2 8 5 7 4 6 1 9 , inv(σ ) = 15. For σ = σ1σ2 · · · σn ∈ Sn,
define the descent set of σ ,Des σ , (respectively, the inverse descent set of σ , Ides σ ), as the set of all i
such that σi > σi+1 (respectively, (i+ 1) is to the left of i in σ1σ2 · · · σn).
Themajor index of a permutation σ , written maj(σ ), is
maj(σ ) =
∑
i∈Des σ
i
and the corresponding inverse major index is
imaj(σ ) =
∑
i∈Ides σ
i.
We then have that Ides σ = Des σ−1 and imaj(σ ) = maj(σ−1).
In addition to these statistics, there are four additional set-valued statistics, Lmap, Lmal, Rmip, and
Rmil that can be defined. We will say an integer k is a left-to-right maximum place of σ if 1 ≤ k ≤ n
and σi < σk for all i such that 1 ≤ i ≤ k − 1 (i.e. if σk is greater than every letter to the left of it in
σ ). If k is a left-to-right maximum place of σ , then σk is called a left-to-right maximum letter of σ . The
set of all left-to-right maximum places (respectively, letters) of σ is denoted by Lmap σ (respectively,
Lmal σ ).
Similarly, an integer k is called a right-to-left minimum place of σ if 1 ≤ k ≤ n and σk < σi for all i
such that k+1 ≤ i ≤ n (i.e. if σk is smaller than every letter to the right of it in σ ). If k is a right-to-left
minimum place of σ then σk is called a right-to-left minimum letter of σ . The set of all right-to-left
minimum places (respectively, letters) of σ is denoted by Rmip σ (respectively, Rmil σ ).
In 1915, MacMahon proved the following important theorem:
Theorem 1 ([4, MacMahon, 1915]).∑
pi∈Sn
qinv(pi) =
∑
pi∈Sn
qmaj (pi).
MacMahon’s theorem has played a central role in many areas of enumerative combinatorics and
has been widely studied, refined, and generalized. Any permutation statistic that is equidistributed
with the major index is called a Mahonian statistic.
In 1968, Foata [2] gave a combinatorial proof that the major index is equidistributed with the
inversion statistic by giving a bijection φ from Sn to Sn that takes the major index to the inversion
statistic. This bijection is called the Foata bijection or the second fundamental transformation and
was in fact constructed not only for permutations but also for multisets, as both maj and inv can be
defined on arbitrary words and not only on permutations. Further properties of the transformation
were proven by Foata and Schützenberger [3]. They proved that Ides ω = Ides φ(ω) when
the transformation is restricted to permutations. Furthermore, Björner and Wachs [1] proved that
Rmil ω = Rmil φ(ω), again when the transformation is restricted to permutations.
Here we recall the algorithm for determining the map φ:
Letw = pi1pi2 . . . pin be a permutation in one line notation. We define the map φ in steps.
1. Definew1 = pi1. Assumewk has been defined for all k < n.
2. Consider the string wk. If the last letter of wk is greater than pik+1, split wk by placing a bar after
each letter greater than pik+1. Similarly, if wk is less that pik+1, split wk by placing a bar after each
letter less than pik+1.
3. In each block (created by the bars in Step 2) ofwk cycle the last letter of the block to the beginning
of that block. Then append pik+1 at the end of the string to obtainwk+1 and repeat Steps 2 and 3.
4. The process is complete when pin is added, i.e. φ(pi) = wn.
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For example, if pi = 649 275 183, then φ(pi) = 649 725 813 and maj(649 275 183) = 23 =
inv(649 725 813).
Let i (σ ) = σ−1 denote the inverse of the permutation σ and let Ψ = iφi. When restricted to
permutations, Ψ is clearly a bijection. One can easily verify that Lmap σ = Rmil i(σ ) and thus the
bijection Ψ has the properties
Des σ = Des Ψ (σ )
Lmap σ = Lmap Ψ (σ )
imaj σ = inv Ψ (σ ).
For example, let σ = 572 839 461. Then
σ = 572 839 461 i→ 935 718 246 φ→ 315 279 846 i→ 241 839 576.
Note that Des σ = Des Ψ (σ ) = {2, 4, 6, 8}, Lmap σ = Rmil i(σ ) = Rmil φ(i(σ )) =
Lmap Ψ (σ ) = {1, 2, 4, 6} and imaj σ = 1+ 4+ 6 = inv Ψ (σ ).
2.2. Fibonacci tableaux
Fibonacci tableaux arise from the Fibonacci lattice first defined in the following manner by
Stanley [5] in 1975. Let A = {11, 12, . . . , 1r , 2} and let A∗ be the set of all finite words a1a2 · · · ak
of elements of A (including the empty word).
Definition 1. The Fibonacci differential poset Z(r) has as its elements the set of words in A∗. For
w ∈ Z(r), we say z is covered byw (i.e. z l w) in Z(r) if either:
1. z is obtained fromw by changing a 2 to 1k for some k if the only letters to the left of this 2 are also
2’s, or
2. z is obtained fromw by deleting the leftmost 1 of any type.
The Ferrers diagram for an element of Z(1) is formed by replacing a 1 with a single dot and a 2
with two dots. The size of the Fibonacci shape is the sum of the 1’s and 2’s that make up the shape.
For example, the Ferrers diagram for the Fibonacci shape µ = 12 212 looks like
• • •
• • • • •
and has size 8.
Given a Fibonacci shape µ of size n and its corresponding Ferrers diagram, a standard Fibonacci
tableau can be formed as follows:
1. First place n in the leftmost cell of the bottom row of the Ferrers diagram for µ.
2. Next place n− 1 in a cell of the Ferrers diagram for µ that is adjacent (either above or to the right
of) the cell containing n.
3. Continue to place numbers in the Ferrers diagram in decreasing order. For each 1 ≤ k < n − 1,
place k in a cell of the Ferrers diagram that is adjacent to some i for k < i ≤ n.
An example of a standard Fibonacci tableau of shape µ = 12 212 is
3 5 1
8 7 6 4 2
One can define the column-reading word,wc(T ), for a standard Fibonacci tableau T by reading the
columns from bottom to top, right to left. For the tableau above,wc(T ) = 21 465 738.
We will define a Fibonacci permutation as a permutation σ whose Lmap-set Lmap σ = {1 = l1 <
l2 < · · · < lr ≤ n} has the property that lj+1 − lj = 1 or 2 for j =1, 2, . . ., r (let lr+1 = n + 1). Using
this definition, a Fibonacci permutation is simply the column-reading word for a standard Fibonacci
tableau and vice versa, giving a one-to-one correspondence between Fibonacci permutations and
standard Fibonacci tableaux.
If σ is a Fibonacci permutation, then its descent set Des σ is the subset of all j such that j ∈ Lmap σ
and j+1 6∈ Lmapσ . Since Lmapσ = LmapΨ (σ ), each Fibonacci permutationσ ismappedunderΨ onto
another Fibonacci permutation Ψ (σ ) that has the same Lmap-set and for which imaj σ = inv Ψ (σ ).
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3. Statistics on Fibonacci tableaux
Definition 2. Given a standard Fibonacci tableau T , let i be an element of the descent set of T , written
Des(T ), if i+ 1 appears below or in a column to the right of i in the tableau T .
Definition 3. Let T be a standard Fibonacci tableau and let wc(T ) be the column reading word of T .
Then define inv(T ) as
inv(T ) = inv(wc(T )).
Similarly, we will define imaj(T ) as
imaj(T ) = imaj(wc(T )).
Note that imaj(T ) =∑i∈Des(T ) i for T a standard Fibonacci tableau.
Let T be a standard Fibonacci tableau of shape µ and wc(T ) be the column reading word of T . Let
pi = wc(T )−1 and let wc(U) = Ψ (wc(T )) where wc(U) is the column reading word for a standard
Fibonacci tableau U .
Lemma 1. If T is a standard Fibonacci tableau of shape µ then U is also a standard Fibonacci tableau of
shape µ.
Proof. This Lemmawas essentially proven by Björner andWachs [1] for Fibonacci permutations. Only
the connection to the Fibonacci tableaux is new.
First let wc(T ) = w1w2 · · ·wn. Then a 2 in the Fibonacci shape µ translates to a pair wi and wi+1,
for some i, for which wi is necessarily larger than wi+1 and is greater than w1 through wi−1. Then in
pi = wc(T )−1, i+1 is to the left of i. It iswell known that the Foata–Schützenberger bijection preserves
the relative order of adjacent numbers, i.e. if i+ 1 is to the left of i in pi , then i+ 1 is to the left of i in
σ = φ(pi). Then in σ−1 = s1s2 · · · sn, si is greater than si+1. A 1 in the shapeµ translates to an element
wi for whichwi is greater thanw1 throughwi−1.
In this case, sincewi is greater thanw1 throughwi−1 then in pi = wc(T )−1, 1 through i− 1 are all
to the left if i. In order to show that si is greater than s1 through si−1 we need to show that 1 through
i− 1 are to the left of i in σ . When i is added to the partial permutation in the Foata–Schützenberger
algorithm, it will automatically be to the right of 1 through i − 1. Now suppose we are at the step of
the Foata–Schützenberger algorithmwhenwl is added, for some l > i. Since 1 through i have all been
added to the partial permutation at this step, then wl is necessarily greater than i. If wl < wl+1 then
1 through i are all also less than wl+1 so they are all in different blocks and thus remain in the same
relative order in the partial permutation at this step. Ifwl > wl+1, thenwl+1 is also greater than i since
1 through i have already been added to the partial permutation. Thus, any dividers placed between
blocks in the Foata–Schützenberger algorithm at this step are placed after elements that are greater
than i so any elements that are cycled are necessarily greater than i and thus the elements 1 through i
remain in the same relative position. Therefore, in σ , 1 through i− 1 are to the left of i and so in σ−1,
si is greater than s1 through si−1. 
Note: The function Ψ is a known bijection on the set of standard Fibonacci tableaux and
furthermore, imaj(T ) = inv(U) since imaj(T ) = imaj(wc(T )) = inv(Ψ (wc(T ))) = inv(U).
This leads to the following MacMahon type theorem for standard Fibonacci tableaux:
Theorem 2.∑
T
qimaj(T ) =
∑
T
qinv(T )
where the sum is over all standard Fibonacci tableaux T of a given shape µ.
Proof. The proof follows directly from Lemma1 and the note following the proof of Lemma1. Again, it
is the connection to the Fibonacci tableaux that is new, not the underlying result for the corresponding
permutations. 
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